






















Abstrat. Given a positive singular hermitian metri of a pseudoeetive
line bundle on a omplex Kähler manifold, a singular foliation is onstruted
satisfying ertain analyti analogues of numerial onditions. This foliation re-
nes Tsuji's numerially trivial bration and the Iitaka bration. Using almost
positive singular hermitian metris with analyti singularities on a pseudo-
eetive line bundle , a foliation is onstruted rening the nef bration. If
the singularities of the foliation are isolated points, the odimension of the
leaves is an upper bound to the numerial dimension of the line bundle, and
the foliation an be interpreted as a geometri reason for the deviation of nef
and Kodaira-Iitaka dimension. Several surfae examples are studied in more
details, P2 blown up in 9 points giving a ounter example to equality of nu-
merial dimension and odimension of the leaves.
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In the last few years several brations related to a nef or even pseudoeetive line
bundle L on a projetive omplex manifold were onstruted whose bers satisfy
ertain numerial properties with respet to a sometimes modied intersetion the-
ory:
For a nef line bundle L, the usual intersetion theory is taken by [BCE+00℄ to
dene (and onstrut) the so alled nef bration whose bers ontain only urves
C with L.C = 0. The base dimension of this bration is alled the nef dimension of
L , and it an be proven that it is never smaller than the numerial dimension ν(L)
of L. Note however that already for surfaes there are expliit ounter examples to
equality, f. setion 4.2.
Even earlier, Tsuji [Tsu00℄ assoiated an intersetion theory to positive singular
hermitian metris h on pseudoeetive line bundles L by dening






Here, π : C˜ → C is the normalization of an irreduible urve C not ontained
in the singular lous of h, and I((π∗h)m)) denotes the multiplier ideal sheaf of
the pulled bak metri (π∗h)m on C˜. A projetive omplex manifold is alled
numerially trivial in Tsuji's sense i (L, h).C = 0 for all suh urves C. In [Ek02℄
other possible denitions of these intersetion numbers are disussed, their relations
are studied, and the bration map with numerially trivial bers is onstruted,
aording to the suggestions of Tsuji.
Finally, Takayama [Tak02℄ dened intersetion numbers reeting properties of the
linear sytems |mL| by using the asymptoti multiplier ideal sheaf J (||L||):
||L,C|| := lim
m→∞
m−1 degC mL⊗ J (||mL||),
where C is an irreduible urve not ontained in the stable base lous
⋂
m∈NBs|mL|
of L. The resulting bration turns out to be the well known Iitaka bration.
The motivation for this work is to give a more unied treatment of all these -
brations and to give geometri reasons for the deviation of nef, numerial, and
Kodaira-Iitaka dimension of a nef line bundle on a projetive manifold. Three
surfae examples will illustrate the ideas developed to this purpose.
The rst example is due to Mumford and has the property that the nef dimension
is bigger than the numerial dimension: Start with a smooth projetive urve C of
genus ≥ 2 with the unit irle ∆ as universal overing and an irreduible unitary
representation ρ : π1(C) → GL(2,C) of the fundamental group of C. This denes
a rank 2 vetor bundle E = (∆× C2)/π1(C) on C of degree 0 where the ation of
π1(C) is given by overing transformations on ∆ and the representation ρ on C
2
.
Mumford proved that the nef line bundle L = OP(E)(1) on the projetivized bundle
P(E) is stable hene the restrition of L to all urves D ⊂ P(E) is positive. On the
other hand degE = 0 hene L.L = 0. Hene the numerial dimension ν(L) is 1,
while the nef redution map is the identity, and the nef dimension is 2.
It seems quite obvious how to explain this deviation: the ruled surfae P(E) arries
a foliation indued by the images of the ∆ × l in P(E) (where l is a line through
the origin in C2). Furthermore, loally the leaves of this foliation are mapped to
points by the morphism indued by |L|, whih is a kind of numerial triviality.
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This motivates the onstrution of numerially trivial foliations w.r.t. some positive
losed urrent (whih may be the urvature urrent of some hemitian metri on a
nef line bundle) on a omplex manifold X . The starting point is an interesting
riterion for numerial triviality in Tsuji's sense:
Theorem 1.1. Let X be a smooth projetive omplex manifold, let L be a pseudo-
eetive line bundle on X with positive singular hermitian metri h suh that X is





where the Di form a ountable set of prime divisors on X and the ai are > 0.
This is proven in [Ek02℄, and by trivial arguments the onverse of this theorem is
also true. It shows that numerial triviality is a loal property of urrents and does
not depend on projetivity. Hene it is possible to loalize the notion of numerially
trivial brations to the notion of a foliation with numerially trivial leaves (details
in setions 2.1,2.2). The main result is the following:
Theorem 1.2. On a (not neessarily ompat) omplex manifold X with a positive
losed (1, 1)− urrent T there exists a maximal foliation with numerially trivial
leaves w.r.t. T , that is the leaves of every foliation with numerially trivial leaves
are ontained in leaves of this foliation.
It is alled the numerially trivial foliation w.r.t. T . The onstrution rests es-
sentially on the Loal Key Lemma whih allows to unite dierent foliations with
numerially trivial leaves, and the proof of this lemma is an easy onsequene of
another interpretation of numerially trivial brations f : X → Y w.r.t. to some
losed positive (1, 1)− urrent T : The residue urrent R of the Siu deomposition
T =
∑
ai[Di]+R must be the pull bak of a (positive) urrent on Y (details in 2.2).
If X is projetive and T the urvature urrent of a positive singular hermitian
metri on a line bundle, Tsuji's numerially trivial bration will be the bration
maximal among those whose bers are ontained in the leaves of the numerially
trivial foliation w.r.t. T ; details in setion 2.3. The same onstrution gives the
Iitaka bration of a line bundle L with Kodaira-Iitaka dimension κ(L) ≥ 0 provided
one uses the positive singular hermitian metri h on L dened as





where h|mL| is the (singular) hermitian metri on |mL| dened by the global setions
of mL (see [Tsu99℄). In this ase even more is true: The numerial trivial foliation
w.r.t. h is already the Iitaka bration (setion 2.4).
It is not possible to nd a positive singular hermitian metri whih denes the nef
bration in a similar way, as shown by an example onstruted in [DPS94℄ whih
is quite similar to Mumford's example (setion 4.1): Start with an ellipti urve
C and take as the rank 2 vetor bundle E the unique nontrivial extension of the
struture sheaf OC . As in Mumford's example the numerial dimension of the nef
line bundle L = OP(E)(1) is 1, while the nef dimension is 2.
The remarkable feature of this example is the fat that the only positive singular
hermitian metri on L is given by the unique setion of L, the setion at innity
of P(E) (proof in [DPS94℄), and P(E) is numerially trivial w.r.t. this metri.
Hene the obvious foliation on P(E) indued by the universal over C of C annot
4 THOMAS ECKL
be interpreted as the numerially trivial foliation w.r.t. some positive metri on
L = OP(E)(1).
Ideas how to deal with this situation may be found in Bouksom's onstrution
of a divisorial Zariski deomposition and his denition of moving intersetion
numbers on pseudoeetive line bundles [Bou02a℄ on ompat Kähler manifolds.
Both notions show that it is extremely useful to loosen the restrition on positivity
and to onsider sequenes of almost positive (1, 1)− urrents in a xed ohomology
lass α whose negative parts tend to 0.
For nef line bundles the moving intersetion numbers oinide with the usual ones.
In partiular, if C ⊂ X is a smooth ompat urve on a ompat Kähler man-
ifold X with Kähler form ω, and L is a nef line bundle with rst Chern lass














where the T 's run through all losed urrents representing α suh that T ≥ −ǫω,
and [C] is the integration urrent of the submanifold C of bidegree (n− 1, n− 1).
(For further details see setion 3.1.)
It is obvious that in this ase L.C = 0 i limǫ↓0 supT
∫
∆−SingT (T + ǫω) = 0 for all
disks ∆ ⊂ C. Thus it is justied to interpret numerial triviality w.r.t. a pseudo-
eetive lass as a loal property: An immersed submanifold Y ⊂ X (losed or not)







(T + ǫω) = 0
(where the T 's run through all losed urrents on X ontained in α[−ǫω]) for all
holomorphially immersed disks ∆ ⊂ Y . And a foliation will be alled numerially
trivial w.r.t. α i (loally) almost every leaf is numerially trivial w.r.t. α.
It is possible to prove an analog to the Loal Key Lemma, hene there is a maximal
numerially trivial foliation w.r.t. α. It is ontained in every numerially trivial
foliation w.r.t. a positive urrent representing α. If α is the rst Chern lass of
some nef line bundle L on a projetive manifold X , the nef bration of L is the
maximal bration ontained in the foliation (whih will be alled the nef foliation
in that ase). Furthermore, the Kodaira-Iitaka bration ontains the nef foliation,
and one gets a nie geometri reason for deviations of the Kodaira-Iitaka and the
nef dimension of nef line bundles on projetive manifolds: κ(L) < n(L) if the
nef foliation is not a bration. It is a very interesting open question whether the
onverse of this statement is also true. More generally: Is the bration with the
smallest ber dimension whih ontains the nef foliation the Kodaira-Iitaka bration
?
Finally, it is shown that the odimension of the leafs is an upper bound for the
numerial dimension of α, if the singularities of the foliation are isolated points. It
is not lear to the author how to weaken this assumption or if there are ounter
examples. To get better answers it seems neessary to have a loser look at the
struture of numerial trivial foliations around the singularities.
The last setion of the paper onstruts nef foliations of nef line bundles on surfaes.
The rst two examples are those due to Mumford and Demailly-Peternell-Shneider.
In Mumford's example it is easy to onstrut a smooth losed positive (1, 1)−urrent
on L = OP1(1) suh that the assoiated nef foliation is the obvious one: Take a
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measure ω invariant w.r.t. the representation of π(C) in PGL(2). This gives a
measure on (∆ × P1)/π(C) transversal to the foliation indued by the images of
∆× {p}. Averaging out the integration urrents of the leaves with this transverse
measure gives an (even smooth) losed positive (1, 1)− urrent in the rst Chern
lass of L = OP(E)(1) whih vanishes on the leaves but not in any transverse
diretion.
The Demailly-Peternel-Shneider example is more diult: A ompliated glueing
argument leads to almost positive urrents whih determine the obvious foliation.
The last example deals with P2 blown up in 9 points and is interesting in many
ways. In partiular, if one xes 8 points in suiently general position, varying
the last point will give a nef bration in the torsion points, but there is no nef
foliation on the whole family with 1- dimensional leaves. Hene, the nef brations
in varieties over torsion points do not onverge against a foliation in varieties over
(general) non-torsion points. This somehow answers a question asked in [DPS96℄.
Aknowledgement. This artile was mainly written during two stays at the Institut
Fourier in Grenoble. The rst was paid by the DFG-Shwerpunkt "Global Methods
in Complex Geometry", the seond by the Institut Universitaire de Frane. The
author enormously benetted from many disussions with J.-P. Demailly and S.
Bouksomwho generously shared their new insights on moving intersetion numbers
with him and gave the author a lot of enouragement. Furthermore, the author
enjoyed a lot the warm hospitality reated by the whole institute.
2. Numerially trivial foliations
2.1. Numerial triviality. As proposed in the introdution numerial triviality
of (not neessarily ompat) omplex manifolds is dened via the riterion of the-
orem 1.1:
Denition 2.1. Let X be a omplex manifold and T a positive losed (1, 1)−urrent




for ountably many prime divisors Di in X and real numbers ai ≥ 0.
To ompare later on Tsuji's numerially trivial bration with the numerially trivial
foliation it is useful to dene numerial triviality for any irreduible analyti subsets
(not only for submanifolds):
Denition 2.2. Let X be ompat omplex manifold and Θ a positive losed (1, 1)−
urrent on X. Let Y ⊂ X be a positive dimensional analyti subset of X suh that
Θ may be restrited to Yreg, the smooth part of Y . Then Y is alled numerially
trivial with respet to Θ i for all holomorphi maps f : ∆k → Y suh that f∗Θ
exists the omplex manifold ∆k is numerially trivial with respet to f∗Θ.
This denition is onsistent with the denition of numerially trivial manifolds:
Proposition 2.3. Let X be a omplex manifold and Θ a positive losed (1, 1)−
urrent. X is numerially trivial w.r.t. Θ i for all holomorphi maps f : ∆k → X
suh that f∗Θ exists ∆k is numerially trivial w.r.t. f∗Θ.
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Proof. The only if part is a trivial onsequene of the equality f∗([Di]) = [f
∗(Di)]






where R is a positive losed (1, 1)− urrent suh that the Lelong number level sets
Ec(R) have no odim 1 omponents. If R 6≡ 0 there will exist an open set U ∼= ∆n
in X suh that R|U 6≡ 0, hene U is not numerially trivial w.r.t. Θ|U . 
The denition of numerial triviality an be further simplied by means of the
following proposition:
Proposition 2.4. Let X be a omplex manifold and Θ a positive losed (1, 1)−
urrent. X is numerially trivial w.r.t. Θ i for all holomorphi maps f : ∆→ X
suh that f∗Θ exists ∆ is numerially trivial w.r.t. f∗Θ.
Proof. The only if part follows by denition. For the other diretion start again
with the Siu deomposition Θ =
∑
i νi[Di] + R. Let ∆
n ∼= U ⊂ X be an open
subset and let q : ∆n → ∆n−1 be the projetion onto the rst n− 1 fators. Sine
the Lelong number level sets Ec(R) ontain no odim 1 omponent, very general
bers F of q do not interset any of the Ec(R). By the results of [ME00℄ there is a
pluripolar set N ⊂ ∆n−1 suh that the level sets Ec(R|F ) = ∅ for the restrition of
R to all bers F over points outside of N . By assumption R|F ∼= 0.
By the following lemma there exists a positive losed (1, 1)−urrent S on∆n−1 suh
that R = q∗S. Let D = ∆n−1×{p} be a setion of q suh that R|D is well dened.
By indution R|D ≡ 0. Sine the projetion q : D → ∆
n−1
is an isomorphism S ≡ 0
hene R ≡ 0. 
Lemma 2.5. Let T be a positive losed (1, 1)− urrent on ∆n and let
q : ∆n → ∆n−1 be the projetion onto all fators but the last one. If T|q−1(x) ≡ 0 for
all x outside a pluripolar set N ⊂ ∆n−1 then there will be a positive losed (1, 1)−
urrent S on ∆n−1 suh that T = q∗S.





where the Θij are omplex measures on ∆
n
([Dem00, (1.15)℄). That T is a real
urrent implies Θij = Θji. Sine T is positive,
∑
λiλjΘij is a positive measure for
all vetors (λ1, . . . , λn) ∈ Cn. Hene
λiλiΘii + λiλnΘin + λnλiΘni + λnλnΘnn ≥ 0 ∀(λi, λn) ∈ C
2.
Claim. As a (1, 1)− urrent iΘnndzn ∧ dzn = 0.
Proof. By denition one has to show that∫
∆n
iΘnndzn ∧ dzn ∧ αidz1 ∧ dz1 ∧ . . . ∧ idzn−1 ∧ dzn−1 = 0
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for all omplex valued funtions α ∈ C∞c (∆
n). Sine T|q−1(x) = iΘnndzn ∧ dzn∫
∆n
iΘnndzn ∧ dzn ∧ αidz1 ∧ dz1 ∧ . . . ∧ idzn−1 ∧ dzn−1 =∫
∆n
T ∧ αidz1 ∧ dz1 ∧ . . . ∧ idzn−1 ∧ dzn−1,






idz1 ∧ dz1 ∧ . . . ∧ idzn−1 ∧ dzn−1.




Θii + λnΘin + λnΘni = Θii + λnΘni + λnΘni ≥ 0
for all λn ∈ C. Now suppose that Θni 6= 0, i.e. there is a smooth real valued
funtion α ≥ 0 with ompat support suh that Θni(α) 6= 0. Then there is a
λn ∈ C suh that
Θii(α) + λnΘni(α) + λnΘni(α) < 0.
This is a ontradition. Hene Θin = Θni = 0 for all i ≤ n− 1.






Θij = 0 ∀i, j ≤ n− 1.
Hene the Θij only depend on z1, . . . , zn−1. One nally gets




and S is a losed positive (1, 1)− urrent on ∆n−1. 
Proposition 2.4 has an easy
Corollary 2.6. Let X be a omplex manifold and Θ a positive losed (1, 1)− ur-
rent. Let Y ⊂ X be an irreduible analyti subset suh that Θ may be restrited
to Yreg, the smooth part of Y . Then Y is numerially trivial w.r.t. Θ i for all
holomorphi maps f : ∆→ Y ⊂ X suh that f∗Θ exists the omplex manifold ∆ is
numerially trivial w.r.t. f∗Θ. 
As a onsequene one an give an alternative denition of numerially trivial irre-
duible analyti subsets using embedded resolutions of singularities by blowing up
smooth enters. Suh resolutions exist for arbitrary omplex manifolds, at least on
relatively ompat open subsets ([Hir64℄,[BM97℄).
Proposition 2.7. Let X be a omplex manifold and Θ a positive losed (1, 1)−
urrent. Let Y ⊂ X be an irreduible analyti subset suh that Θ may be restrited
to Yreg, the smooth part of Y . Then Y is numerially trivial w.r.t. Θ i for an
embedded resolution f : Y˜ → Y the omplex manifold Y˜ is numerially trivial w.r.t.
the pulled bak urrent f∗Θ.
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Proof. By the universal property of the blowup a map f : ∆ → Y will fatorize
through the blow up π : Y˜ → Y of a smooth enter if its image is not ontained
in the enter. Furthermore the exeptional divisor is a projetivized bundle hene
loally trivial. So at least loally there will be a map f˜ : ∆→ Y˜ suh that π◦ f˜ = f
if the image is ontained in the enter. 
Finally there is a useful riterion for numerial triviality:
Proposition 2.8. Let X be a omplex manifold and let Θ be an almost positive
(1, 1)− urrent. Then X is numerially trivial w.r.t. Θ i there is an analyti
subset A ⊂ X suh that X −A is numerially trivial w.r.t. Θ.
Proof. This is a diret onsequene of the following standard arguments. First a
losed (1, 1)− urrent is 0 i it is already 0 outside a set of real odimension 4.
[Dem00, (1.21)℄. Seond, for omplete pluripolar sets E (as are analyti subsets)
Θ = 1X−EΘ+1EΘ: This is true for the losed positive urrent Θ+Cω by [Dem00,
(1.19)℄, hene also for Θ. But for E a odimension 1 analyti subset 1EΘ = mE [E]
where mE is the generi Lelong number on E [Dem00, (2.17)℄. 
2.2. Existene of maximal numerially trivial foliations. Consider singular
foliations as desribed in the Appendix:
Denition 2.9. Let X be an n− dimensional ompat omplex manifold with her-
mitian metri ω and Θ ≥ 0 a positive losed (1, 1)− urrent on X. A singular
foliation {F , (Ui, pi)} is said to indue a (singular) numerially trivial foliation
w.r.t. Θ i almost every ber of pi is numerially trivial w.r.t. Θ.
Note that the ondition about the bers of the pi is muh stronger than in the ase
of numerial trivial brations: Here it was only neessary to assume that the union
of numerially trivial bers is not a Lebesgue zero set, and the numerial triviality
of all bers over points lying in the omplement of a pluripolar set followed. In the
foliation ase there exist ounter examples to this onlusion: On ∆2 onsider the
plurisubharmoni funtion





For every z2− ber F with |z2| <
1
2 the restrition φ|F is ≡ 0. But for |z1z2| >
1
2
one sees that φ ≡ log(1 + |z1z2|
2)− log 54 .
Theorem 1.2 states the existene of a maximal numerially trivial foliation with
respet to the inlusion relation ⊏ of singular foliations, see the Appendix. The
strategy to prove the existene of this maximal foliation is essentially the same as
for the existene proof of numerial trivial brations: one proves that the om-
mon renement {H, (Wk, rk : Wk → ∆n−m)} of two numerially trivial foliations{




G, (Vj , qj : Vj → ∆n−l)
}
, (see the Appendix) is again
a numerially trivial foliation.
The main step is to establish a loal analog to the Key Lemma in [Ek02℄. It is
stated for the following onguration: Let W ∼= ∆n be a omplex manifold with
two projetions p1 : W → ∆n−k, p2 : W → ∆n−l suh that a smallest projetion
p : W → ∆n−m as onstruted in the Appendix exists.
Loal Key Lemma 2.10. If the brations indued by p1 and p2 are numerially
trivial w.r.t. a positive losed (1, 1)− urrent Θ on W , then the foliation indued
by p will also be numerially trivial w.r.t. Θ.
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Sine any two points on ∆n−k may be onneted by a sequene of images of p2−
bers this is a onsequene of
Lemma 2.11. Let Θ be a positive losed (1, 1)− urrent on ∆n, let q : ∆n → ∆k
be the projetion onto the last k fators and let
V = {x ∈ ∆n|x1 = . . . = xl = 0} ⊂ ∆
n
be an analyti subset mapping surjetively on ∆k (that is, l < k). If almost every
q− ber and V are numerially trivial w.r.t. Θ then ∆n will be numerially trivial
w.r.t. Θ.
Proof. Let Θ =
∑
i ai[Di] + R be the Siu deomposition. Lemma 2.5 shows that
R = q∗S for some losed positive (1, 1)− urrent S on ∆k. Now, at least loally
eah map f : ∆ → ∆k is liftable to a map f˜ : ∆ → V , that is f = q ◦ f˜ (this is
obvious for projetions). Hene S is numerially trivial by the riterion in propo-
sition 2.8. But divisorial omponents in the Siu-deomposition of S would give
divisorial omponents of the Lelong number level sets of R = q∗S. Therefore S ≡ 0
hene R ≡ 0. 
Note again that the Loal Key Lemma needs stronger assumptions on the bers
than the Key Lemma. This is shown by the same ounter example as above: The
horizontal setions {z2 = a} are also numerially trivial as long as |a| <
1
2 .
Now it is an easy onsequene of the Loal Key Lemma to show that om-
mon renement {H, (Wk, rk : Wk → ∆n−m)} of two numerially trivial foliations{





G, (Vj , qj : Vj → ∆
n−l)
}
is again numerially trivial.
This ends the proof of Theorem 1.2.
2.3. Tsuji's numerially trivial brations. Now let X be a smooth projetive
omplex manifold and L a pseudoeetive holomorphi line bundle on X with
positive singular hermitian metri h. As already mentioned in the beginning, the
notion of numerial triviality used to onstrut Tsuji's numerially trivial brations
is derived from an intersetion number (L, h).C of an irreduible urve C ⊂ X not
ontained in the singular lous of h with the pair (L, h). A subvariety Y ⊂ X is
numerially trivial i (L, h).C = 0 for all irreduible urves C ⊂ X . The analysis
of these intersetion numbers in [Ek02℄ shows that




where π : C → C is the normalization. In partiular, if (L, h).C = 0, the urvature
urrent of π∗h on C may be written as
∑
x∈C ν(π
∗h, x)[x]. Hene proposition 2.4
shows that numerially trivial subvarieties in the sense of denition 2.2 are also
numerially trivial in the sense just desribed.
The onverse is also true: By the birational invariane of numerial triviality [Ek02,
2.6℄ the normalization and desingularization Y of a numerially trivial subvariety
Y is also numerially trivial (in Tsuji's sense). Hene the urvature urrent of
the pulled bak metri is of the form
∑
νi[Di], by theorem 1.1. But this implies
ertainly numerial triviality of Y in the sense of denition 2.2, and sine every
holomorphi map f : ∆→ Y may be lifted to a holomorphi map f : ∆→ Y , the
numerial triviality of Y follows.
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Now remind the onstrution of Tsuji's numerially trivial bration: It is the (up
to birational equivalene unique) element with maximal ber dimension in the set
of families f˜ : X→ N with the following properties ([Ek02, 3.3℄):
(i) X ⊂ X × N , X,N quasi-projetive, irreduible, general bres are subvari-
eties of X ;
(ii) the projetion p : X→ X is generially nite;
(iii) (L, h) is dened and not numerially trivial on suiently general bres of
f˜ , i.e. on a set of bres M⊂ N whih has not Lebesgue measure 0;
(iv) the bres are generially unique, i.e. if U ⊂ N is an open subset suh that
f˜|U is at then the indued map U → Hilb(X) will be generially bijetive.
It is shown that for the maximal element, the projetion p : X → X is really bi-
rational, and that all bers where h|F 6≡ ∞ are numerially trivial. But by the
observation above, suh a bration an be interpreted as a numerially trivial fo-
liation {F , (Ui, pi)}: Take F as p∗TX/N , and let Z ⊂ X be an algebrai subset of
points where p is an isomorphism and f˜ is smooth. Then X − Z may be overed
by (analytially) open sets Ui suh that there exist maps pi : Ui → ∆n−k with
TUi/∆n−k = F|Ui . This implies that the pi− bers are numerially trivial. Con-
sequently, it is possible to haraterize Tsuji's numerially trivial bration in the
following way:
Proposition 2.12. Let X be a smooth projetive omplex manifold and L a pseu-
doeetive holomorphi line bundle on X with positive singular hermitian metri h.
Then the birational bration with maximal ber dimension ontained in the numer-
ially trivial foliation w.r.t. the urvature urrent Θh is Tsuji's numerially trivial
bration w.r.t. (L, h). 
2.4. The Iitaka bration. Let X be a projetive omplex manifold and L a line
bundle with non-negative Kodaira-Iitaka dimension κ(X,L) ≥ 0. Consider the set
N(L) of all m ∈ N suh that the linear systems |mL| 6= ∅. Let m0 be the greatest
ommon divisor of the numbers in N(L). Then there is a positive integer m(L)
suh that |mm0L| 6= ∅ for all positive integers m ≥ m(L). Choose generating sets
f1, . . . , fkm for the linear systems |mm0L| 6= ∅ and let hm be the (possibly singular)
hermitian metri on L with plurisubharmoni weight (on the base Ω ⊂ Cn of a loal









and urvature urrent Θm = i∂∂φm (on Ω). Let hL be a smooth hermitian metri
on L with weight φL on Ω and smooth urvature form ΘL. Write Θm = ΘL+i∂∂φ
′
m
and normalize the φ′m by subtrating (if neessary) a positive onstant Cm suh that
supφ′m ≤ 0 (this is possible beause φ
′
m is dened on the ompat manifoldX hene
bounded from above). Then take the upper semiontinuous upper envelope φ′ of the
φ′m and all h the (singular) hermitian metri on L given by the plurisubharmoni
weight φ = φL + φ
′
.
It is useful to onstrut the φm in suh a way that φ
′
has the singularities exatly
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of L. This is possible by dening φm+1 from φm as follows: multiply the generators
of |mm0L| by a setion in |m0L| and omplete this set to a generating set of
|(m+1)m0L|. By multiplying the ompleting setions with small positive onstants
one an reah around points x ∈ Bs(|(m+ 1)m0L|) that
φm+1 ≤ (1− ǫm)φm
for arbitrarily small ǫ. Hene given a positive integer M , for appropriately hosen
ǫm, there is a onstant Cx > 0 suh that supφm ≤ CxφM . This implies that φ′ has
also a singularity in x.
The aim is to prove that the Iitaka bration is (up to birational equivalene) the
same as the numerially trivial foliation with respet to the urrent i∂∂φ. Sine
the Iitaka bration is a bration this implies in partiular that in this ase the
numerially trivial foliation is the same as Tsuji's numerially trivial bration.
To prove these assertions, rst ompare Tsuji's and Takayama's intersetion num-
bers:
Lemma 2.13. With L, h as above,
(L, h).C ≤ ||L,C||
for smooth irreduible urves C not ontained in a Lebesgue zero set.
Proof. To begin with, one has to relate the multiplier ideals J (c · |mm0L|) of
the linear system |mm0L| and the positive rational number c with the (analyti)
multiplier ideals J (φm). The ideal J (c · |mm0L|) is dened via a log resolution,
but sine φm is a plurisubharmoni funtion with analyti singularities dened by
generating elements of |mm0L|, it follows that
J (c ·mm0φm) = J (c · |mm0L|)
by [Dem00, (5.9)℄.
As already mentioned in the introdution,
||L,C|| := lim
m→∞
m−1 degC mL⊗ J (||mL||)
is dened by using the asymptoti multiplier ideal J (||mL||). This ideal is dened
to be the unique maximal element among all multiplier ideals J ( 1pm0 · |pm0mL|)
([Kaw99℄,[Laz00℄). Consequently,


















The last equality is true beause J (mφn) ⊂ J (mφn+1) for all n: The multiplier
ideals do not depend on the generating set used to dene φn. By multiplying the
generators dening φn with a setion in H
0(X,m0L) and ompleting this set to a
generating set of H0(X, (n+1)m0L) it is possible to hoose φn ≤ φn+1 (as above),
hene the inlusion.
Next, Tsuji's intersetion number may be expressed as
(L, hn).C = L.C + lim sup
m→∞
m−1 degC J (mφn),
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by [Ek02, (2.3.1)℄ and the fat that hn is a metri with analyti singularities,
hene restrition to C and taking the multiplier ideal in the lim sup above may be
interhanged on smooth urves ([Ek02, Prop. 2.11℄). An easy analysis shows that
lim
n→∞




m−1 degC J (mφn)




degC J (mφn) = ||L;C||.
On the other hand, (L, hn).C = L.C−
∑
x∈C ν(hn|C , x) by [Ek02, Prop. 1.2℄. Sine
the upper semiontinuous upper envelope φ′ of the φ′m equals supm φ
′
m outside a
set of Lebesgue measure zero ([Lel68℄), the envelope of the restritions φ′m|C equals
almost everywhere the restrition (φ′m)|C on all urves outside a Lebesgue zero set.
For these urves the lemma follows from the next statement, using the denition
of Lelong numbers via integrals ([Dem00, (2.7)℄). 
Lemma 2.14. Let C ⊂ X be a smooth urve not ontained in
{x ∈ X : supm φ
′
m(x) < φ





−→ ν(h|C , x).
Proof. By denition of Lelong numbers, ν(φ, x) ≥ ν(ψ, x) if φ ≤ ψ. Consequently,
by the same onstrution as for the inlusion J (mφn) ⊂ J (mφn+1), the Lelong
numbers ν(hn|C , x) of the φn form a dereasing sequene of non-negative numbers
in every point x ∈ C whose limit is ≥ ν(h|C , x). It remains to show the equality:
If z is a loal parameter of C entered in x, the restrition φ′n may loally be written
as










i)− φL(z)− Cn ≤ −ǫ log |z|,
hene φ′n(z) ≤ (ν(hn|C , 0)− ǫ) log |z|, whih implies
φ′(z) ≤ ( lim
n→∞
ν(hn|C , 0)− ǫ) log |z|
for almost all z around 0. Consequently, ν(φ′, 0) ≥ limn→∞ ν(hn|C , 0) − ǫ for all
ǫ > 0, and the equality follows. 
This already implies that the Iitaka bration is ontained in Tsuji's numerially
trivial bration: Take a birational morphism µ : X ′ → X from a smooth projetive
variety X ′ suh that the Iitaka bration indued by the linear system |mµ∗L| is a
morphism f : X → Y on another smooth variety Y . The general ber of this bra-
tion is smooth. Smooth varieties are numerially trivial w.r.t. some pair (L, h) i
(L, h).C = 0 for all suiently general smooth urves in this variety ([Ek02, 3.1℄).
Hene by the above inequality the numerially trivial bration w.r.t. (µ∗L, µ∗h)
ontains the Iitaka bration. By birational equivalene of intersetion numbers
([Ek02, 2.6℄), the numerially trivial bration w.r.t. (µ∗L, µ∗h) is birationally
equivalent to that on X w.r.t. (L, h).
Next note that there is a positive integer m suh that the Iitaka bration of L is
indued by the linear system |mL| [Iit82, 10.3℄.
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Lemma 2.15. Let L be a holomorphi line bundle on a projetive omplex mani-
fold X suh that |mL| is a non-empty linear system whih indues a rational map
φ|mL| : X 99K Y . Then φ|mL| is the numerially trivial foliation w.r.t. h|mL|.
Proof. By orollary 2.6 it is enough to show that for every holomorphi map
f : ∆ → X suh that ∆ is not mapped to a point and does not interset the
base lous of |mL|, the unit disk ∆ is not numerially trivial w.r.t. f∗h|mL|. But
when |mL| has no base points in the image of ∆, the metri f∗h|mL| is a smooth
metri with smooth positive urvature form dierent from 0. 
Lemma 2.16. For X, L and h as above, let m > 0 be an integer suh that |mL| is
a non-empty linear system, and f : ∆→ X a holomorphi map suh that f∗h 6=∞,
f∗h|mL| 6=∞. Then
∆ numerically trivial w.r.t. f∗h =⇒ ∆ numerically trivial w.r.t. f∗h|mL|.
Proof. This is a trivial onsequene of the Lelong number inequality
ν(f∗h, x) ≤ ν(f∗hm, x), see above. 
The last lemma implies that the numerially trivial foliation w.r.t. h is ontained
in the numerially trivial foliation w.r.t. h|mL|, and the lemma before shows that
this foliation is the Iitaka bration whih in turn is ontained in Tsuji's numerially
trivial bration by the arguments above.
Remark. This also shows that the Iitaka bration is the numerially trivial folia-
tion w.r.t. h|mL| for an appropriate m.
3. Bounds for the numerial dimension
In this setion the ideas of Bouksom and Demailly are used to onstrut a numer-
ially trivial foliation for pseudo-eetive (1, 1)− lasses on ompat Kähler man-
ifolds. The next paragraph tries to ollet the sattered and mostly unpublished
denitions and properties of volumes and moving intersetion produts of pseudo-
eetive lasses without laiming any originality or ompleteness and mostly with-
out proof (in many ases they may be found in [Bou02a℄). The main result about
the numerially trivial foliations will be that the odimension of their leaves deter-
mines an upper bound for the numerial dimension of the pseudo-eetive lass, if
the singularities of the foliation are isolated points.
3.1. Moving intersetion numbers of pseudo-eetive lasses. Starting with
Fujita's approximate Zariski deomposition ([Fuj94℄,[DEL00℄) Bouksom devel-
opped a notion of volume for arbitrary pseudo-eetive lasses ([Bou01℄) on ompat
Kähler manifolds. This was generalized (with small modiations) by Demailly to
a moving intersetion produt of pseudo-eetive lasses ([Dem02℄). This in turn
allows the denition of a numerial dimension for pseudo-eetive lasses.
Logially one has to start with dening the moving intersetion numbers:
Denition 3.1. Let X be a ompat Kähler manifold with Kähler form ω. Let
α1, . . . , αp ∈ H1,1(X,R) be pseudo-eetive lasses and let Θ be a losed positive
urrent of bidimension (p, p). Then the moving intersetion number (α1·. . .·αp·Θ)≥0




(T1 + ǫω) ∧ . . . ∧ (Tp + ǫω) ∧Θ
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where the Ti's run through all urrents with analyti singularities in αi[−ǫω], and
F is the union of the Sing(Ti).
It is not diult to justify the existene of the limit above: First, on X − F the
urrents Ti + ǫω may loally be written as Ti + ǫω = dd
cui for some bounded
plurisubharmoni funtion ui. By results of Bedford-Taylor [BT76℄ this implies the
existene of the integral. In addition Bouksom [Bou01℄ showed that these integrals
are bounded by a onstant only depending on the omologial lasses {Ti} and {Θ}
(this is where the Kähler assumption omes in). Hene the supremum always exists,
and is inreasing with inreasing ǫ. This implies the existene of the limit. Finally
it is easy to see that this limit does not depend on the hoie of the Kähler form ω.
The (α1 · . . . · αp · Θ)≥0 are symmetri in the αi and onave and homogeneous in
every variable separately. For nef lasses αi ∈ H1,1(X,R) the moving intersetion
number equals the normal ohomologial intersetion number (α1 · . . . · αp · {Θ})
[Bou02a℄. If some of the pseudo-eetive lasses oinide one has
Lemma 3.2. For pseudo-eetive lasses α, αp+1, . . . , αn the moving intersetion




(T + ǫω)p ∧ (Tp+1 + ǫω) ∧ . . . ∧ (Tn + ǫω)
where T ∈ α[−ǫω] and Ti ∈ αi[−ǫω] have analyti singularities.
Proof. See Lemma 3.2.7 in [Bou02a℄. 
Denition 3.3. Let X be a ompat Kähler manifold. Then the numerial dimen-
sion ν(α) of a pseudo-eetive lass α ∈ H1,1(X,R) is dened as
max{k ∈ {0, . . . , n} : (αk · ωn−k)≥0 > 0}
for some (and hene all) Kähler lasses ω.
Now the volume of a pseudo-eetive lass α ∈ H1,1(X,R) on a ompat Kähler
manifold may be dened as a speial ase of the moving intersetion produt:
vol(α) = (αn)≥0.
But there are other useful possibilities to dene it: First remember that Fujita
onsidered projetive n−dimensional algebrai varieties X and line bundles L over
X , and dened the volume of L by





If L is nef the volume of L is the self-intersetion Ln, by Riemann-Roh and
hq(X, kL) ∼ O(kn−q) ([Dem00, (6.7)℄). For arbitrary pseudo-eetive lasses






where the supremum is taken over all losed positive (1, 1)− urrents T with
{T } = α and Tac is the absolute ontinuous part of the Lebesgue deomposition
T = Tac + Tsg. Again, the Kähler assumption is neessary to guarantee that T
n
ac is
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loally integrable. By using singular Morse inequalities and the Calabi-Yau theo-
rem Bouksom proved that vol(L) = vol(c1(L)) and that vol(L) > 0 i L is a big
line bundle, i.e. i there is a losed stritly positive urrent representing c1(L).
Note that it is not neessary to look at all losed positive (1, 1)−urrents for taking
the supremum. This is a onsequene of an approximation theorem of Demailly:
Theorem 3.4 ([Dem92℄). Let T = θ + ddcφ be a losed almost positive (1, 1)−
urrent on a omplex manifold X with hermitian metri ω suh that θ is a smooth
form. Suppose that T ≥ γ for some real C∞− form γ. Then there exists a dereasing
sequene φk of almost plurisubharmoni funtions with analyti singularities suh
that the Tk := θ + dd
cφk verify
(i) The φk onverge pointwise and L
1
loc against φ, hene the Tk onverge weakly
against T .
(ii) Tk ≥ γ − ǫkω for some sequene of positive numbers ǫk → 0.
(iii) The Lelong numbers ν(Tk, x) onverge uniformly against ν(T, x) w.r.t.
x ∈ X.
Using another approximation theorem ([Dem82℄) Bouksom slightly modied this
statement ([Bou01℄):
Theorem 3.5. Let the assumptions and notations be the same as in the theorem
before. Then there exists a dereasing sequene φk of plurisubharmoni funtions
with analyti singularities suh that the Tk := θ + dd
cφk verify
(i) The Tk onverge weakly against T , and Tk,ac → Tac almost everywhere.
(ii) Tk ≥ γ − ǫkω for some sequene of positive numbers ǫk → 0.
(iii) The Lelong numbers ν(Tk, x) onverge uniformly against ν(T, x) w.r.t.
x ∈ X.







where the T 's run through all losed (1, 1)− urrents with analyti singularities in
α[−ǫω], that is {T } = α and T ≥ −ǫω for some hermitian metri ω on X .
Here, losed (1, 1)− urrents with analyti singularities are urrents whose almost




2 + . . .+ |fp|
2)
with f1, . . . , fn holomorphi, up to a bounded C∞− funtion. Suh urrents T
are partiularly useful beause their absolut ontinuous part is the same as the
residual part R in the Siu-deomposition T =
∑




T nac by blowing up the (integral losure) of the ideal of singularities
loally generated by the fi and integrating the smooth form given by the pull bak
of T minus the integration urrents of the exeptional divisors as they our in
the inverse image of the singularity ideal. In Fujita's setting this orresponds to
blowing up the base lous of the multiples mL and deomposing the pull bak of L





Finally, the last denition of vol(α) is equivalent to the rst one, with moving
intersetion numbers, by lemma 3.2.
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3.2. Numerial triviality for pseudo-eetive lasses. First repeat and odify
the informal denitions of numerial triviality and numerially trivial foliations
w.r.t. a pseudo-eetive lass from the introdution:
Denition 3.6. Let X be a ompat Kähler manifold with Kähler form ω and
pseudo-eetive lass α ∈ H1,1(X,R). A submanifold Y ⊂ X (losed or not) is







(T + ǫω) = 0,
where the T 's run through all urrents with analyti singularities in α[−ǫω] and
∆′ = {t : |t| < 1− δ} is any smaller disk ontained in ∆ = {t : |t| < 1}.
As a onvention set
∫
∆−Sing T
(T+ǫω) = 0 if ∆−Sing T = ∅. Furthermore note that
the restrition to disks ∆′ may be replaed by the assumption that it is possible to
ontinue the immersion ∆ ⊂ Y holomorphially.
Denition 3.7. Let X be a ompat Kähler manifold with a pseudo-eetive lass
α ∈ H1,1(X,R). A foliation {F , (Ui, pi)} is numerially trivial w.r.t. α i
(i) every ber of pi is numerially trivial w.r.t. α,
(ii) and if ∆2 →֒ Ui is an immersion suh that the projetion onto the rst
oordinate oinides with the projetion pi : Ui → ∆n−k, then for any
∆′ ⊂⊂ ∆ and any sequene of urrents Tk ∈ α[−ǫkω], ǫk → 0, the integrals∫
({z1=a}∩∆′)−Sing Tk
(Tk + ǫkω) are uniformly (in a) bounded from above.
Note that no exeptional bers are allowed: if the bers are ompletely ontained in
the ommon singularity lous of the T ∈ α[−ǫω], then they are numerially trivial
by the onvention above, otherwise the limit in denition 3.6 is supposed to be 0.
The uniform boundedness is essential for the proof of the Loal Key Lemma below.
To onstrut a maximal numerial trivial foliation w.r.t. this notion, it is enough
to prove an analog for the Loal Key Lemma 2.10:
Lemma 3.8 (Loal Key Lemma for pseudo-eetive lasses). Let X be a
ompat Kähler manifold with a pseudo-eetive lass α ∈ H1,1(X,R). LetW ∼= ∆n
be an open subset of X with a projetion p : W → ∆k onto the last k fators, and
let V = {z1 = . . . = zn−k = 0} be a omplex submanifold of W . If every ber of p
and also Y are numerially trivial w.r.t. α, then W will also be numerially trivial
w.r.t. α.
Then the maximal numerially trivial foliation w.r.t. α may be onstruted in the
same way as in setion 2.2.
The proof of this Loal Key Lemma for pseudo-eetive lasses imitates the proof
of the Loal Key Lemma for losed positive (1, 1)− urrents: There, the numerial
triviality of the bers of the projetion implies that the residue urrent of the Siu
deomposition is a pull bak of a urrent on the base (see the Pullbak Lemma 2.5).
Of ourse, the Pullbak Lemma is not true for pseudo-eetive lasses. But it is
enough to prove that the restrition onto dierent horizontal setions are quite
the same, hene the numerial triviality of V implies the numerial triviality of all
horizontal setions, hene that of W . This argument is made exat by
Proposition 3.9. Let X be a ompat Kähler manifold with Kähler form ω,
and let Tk = T
′
k + ǫkω, ǫk → 0, be a sequene of losed positive (1, 1)-
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urrents on X suh that the T ′k represent the same ohomology lass. Let
∆2 →֒ X be an immersion (with oordinates z1, z2). Let ∆′ ⊂⊂ ∆ be a disk,
and onsider the funtions fk : ∆





′ → R+, b 7→
∫
({z1=b}∩∆′)−Sing Tk
Tk. Suppose that limk→∞ fk(a) = 0 for
all a ∈ ∆, and that the fk are uniformly (in a) bounded from above. Suppose fur-
thermore that limk→∞ gk(0) = 0. Then limk→∞ gk(b) = 0 for all b ∈ ∆′, and the
gk are uniformly (in b) bounded from above.
Proof. Sine the integrals are always evaluated outside the singularities of Tk, and
sine the mass of the integration urrent of a divisor is always onentrated in the
divisor, one an assume without loss of generality that the Siu deomposition of
Tk does not ontain any integration urrents of divisors. Consequently, Tk has
only nitely many isolated singularities on any ompat subset of p−11 (∆
′) where
∆′ ⊂⊂ ∆ is any disk and p1 : ∆2 → ∆ is the projetion onto the rst oordinate,






11idz1 ∧ dz1 + θ
k
12idz1 ∧ dz2 + θ
k
21idz2 ∧ dz1 + θ
k
22idz2 ∧ dz2,
where the θkij are smooth funtions outside these singularities, and integrable on

















for a sequene of disks ∆′ ⊂⊂ ∆ exhausting ∆ (where ∆′b = {z2 = b} ∩∆
′
). Now,














11(z1, 0))idz1 ∧ dz1|











Sine the losedness of T implies
d(θk11idz1 ∧ dz1) = −d(θ
k
12idz1 ∧ dz2 + θ
k
21idz2 ∧ dz1 + θ
k
22idz2 ∧ dz2),




(θk12idz1 ∧ dz2 + θ
k
21idz2 ∧ dz1 + θ
k
22idz2 ∧ dz2)|,
and sine z2 is onstant on ∆




(θk12idz1 ∧ dz2 + θ
k
21idz2 ∧ dz1 + θ
k
22idz2 ∧ dz2)|.
Observe that these integrals do not depend on the hosen path γ. Consequently,
over the disk ∆0,b with enter in b/2 and radius |b/2| with a family of paths γa















(θk12idz1 ∧ dz2 + θ
k
21idz2 ∧ dz1 + θ
k
22idz2 ∧ dz2))|da = 0.
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The term with θk22 vanishes sine idz2 ∧ dz2 is pulled bak to 0 in any hart of









where C is independent of b and k, and dV is a volume element on ∂∆′ ×∆0,b.
Now interpret Tk as a semipositive hermitian form 〈. , .〉 on every tangent spae


































again by the Shwarz inequality.
Claim. There exists a bound M ′ > 0 suh that for all k there is a disk ∆′k ⊂⊂ ∆






Proof. Suppose that ∆′ ⊂⊂ ∆′′ ⊂⊂ ∆, and look at the (1, 1)- form η = idz2 ∧ dz2.





(T ′k + ǫkω) ∧ η ≤ C ·
∫
X
(T ′k + ǫkω) ∧ ω,
and the last integral only depends on the ohomology lass of T ′k (and ω). By
Fubini one gets a disk ∆′k as above. 
For the seond term note that the assumptions on the funtions fk imply
limk→∞
∫
∆′ fkida∧da = 0, by Lebesgue's dominated onvergene, and the measure
of the sets {a : fk(a) > δ} tends to 0, too, for k →∞.
Hene, as above, for a given ǫ > 0 it is possible to bound the measure of
{a : fk(a) > δ} small enough suh that for all k big enough there is a disk ∆′′k ⊂⊂ ∆





Choosing δ small enough and M ′ big enough (but both independent of k!) one an
assume that the two disks ∆′k and ∆
′′
k oinide (at least for k big enough). SineM
′






Tk tends to 0 for k →∞, and uni-













limk→∞ gk(a) = 0, and the uniformity in b implies the uniform boundedness of the
gk. 
Proof of the Loal Key Lemma for pseudo-eetive lasses. If ∆ is a disk immersed
in W suh that p projets it on a point in ∆k, there is nothing to prove.
If ∆ is a disk immersed in W not interseting Y whih is projeted biholomor-
phially onto ∆k, then a oordinate hange and further utting down leads to the
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onguration desribed in the proposition. Note that it is suient to hek on any









for arbitrary sequenes Tk of urrents with analyti singularities in α[−
1
kω]. The
















kω = 0. The denition of a numerially
trivial foliation implies the uniform boundedness of the fk, so it is possible to apply
the proposition.
If ∆ is a disk immersed in W not satisfying one of the two onditions above, then
for any ∆′ ⊂⊂ ∆ there are disks ∆′′i ⊂⊂ ∆
′





it is enough to onsider nitely many of these disks), and there are projetions
pi : W → ∆n−k (possibly dierent from p) suh that the restrition onto ∆′i is a
submersion. Sine the bers and setions of these pi are omposed of disks already
shown to be numerially trivial, it is possible to apply again the proposition on
∆′′i ⊂⊂ ∆
′
i (by possibly further utting down and a oordinate hange). Sine
there are only nitely many i's, ∆′ is also numerially trivial.
Finally, the uniform boundedness property of the foliation follows diretly from the
uniform boundedness shown in the proposition. 
3.3. The Iitaka bration and the nef bration. A remarkable fat about the
onstrution of a numerially trivial foliation w.r.t. a pseudo-eetive lass α is
that it works also if one restrits to non-empty subsets of urrents with analyti
singularities in α[−ǫω].
Lemma 3.10. Let X be a ompat Kähler manifold with Kähler form ω and Θ a
losed positive (1, 1)− urrent representing the ohomology lass α ∈ H1,1(X,R).
Then the foliation onstruted w.r.t. the subsets {Θ} ⊂ α[−ǫω] is the numerially
trivial foliation w.r.t. Θ.
Proof. Comparing denitions 2.2 and 3.6, and taking into aount the riterion 2.4
for numerial triviality one immediately gets that the numerially trivial foliation
w.r.t. Θ is ontained in that onstruted w.r.t. the subsets {Θ} ⊂ α[−ǫω]. But the
other inlusion is also not diult to prove: Every holomorphi map ∆→ X maps
∆ onto a 1−dimensional analyti subset, and the integrals in denition 3.6 may be
taken outside the singularities of this set. 
It is also lear that this foliation ontains the numerially trivial foliation w.r.t. α.
In partiular:
Proposition 3.11. Let X be a projetive manifold and L a nef line bundle on X
suh that the Kodaira-Iitaka dimension κ(L) ≥ 0. Then the nef foliation of L is
ontained in the Iitaka bration. 
In analogy to Tsuji's numerially trivial bration one an dene the pseudo-eetive
bration of a pseudo-eetive line bundle L as the maximal bration ontained in
the numerially trivial foliation w.r.t. c1(L).
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Proposition 3.12. Let X be a projetive manifold and L a nef line bundle on X.
Then the nef bration of [BCE
+
00℄ is equal to the pseudo-eetive bration.
Proof. This is just a onsequene of the denitions: A urve C whih is numerially
trivial w.r.t. c1(L) satises (L.C)≥0 = L.C = 0, and vie versa. 
To summarize, all this gives a (suient) geometri reason that the bers of the nef
bration are stritly ontained in the bers of the Iitaka bration: this happens if
the nef foliation is not a bration. It would be interesting to deide if the onverse
is also true.
3.4. Currents with minimal singularities. To state and to prove the results
about upper bounds for the numerial dimension of a pseudo-eetive lass, a fur-
ther notion is still missing: that of urrents with minimal singularities.
Denition 3.13. Let φ1 and φ2 be two almost plurisubharmoni funtions on a
omplex manifold X. Then φ1 is said to be less singular than φ2 in x ∈ X i
φ2 ≤ φ1 +O(1)
in a neighborhood of X. The fat that φ1 is less singular than φ2 in every point is
denoted by φ1  φ2.
Now let X be ompat Kähler and α ∈ H1,1(X,R). Let θ be a smooth (1, 1)− form
representing α. Then every urrent in α may be written as T = θ + ddcφ for some
almost plurisubharmoni funtion φ and
T1  T2
shall denote the fat that φ1  φ2.
Proposition 3.14. Let γ be a smooth (1, 1)− form on X. Every non-empty subset
of α[γ] admits a lower bound in α[γ] w.r.t. .
Proof. The proof is almost trivial and of ourse ontained in [DPS01℄ but is repeated
for emphasizing a ertain uniqueness property.
Let (Ti)i∈I be the given subset of α[γ]. Write Ti = θ + dd
cφi where φi is almost
plurisubharmoni and ddcφi ≥ γ − θ. Sine X is ompat, all almost plurisubhar-
moni funtions are bounded from above hene one may suppose that φi ≤ 0 by
subtrating a onstant. If one hoose this onstant suh that supx∈X φi(x) = 0
the φi will be unique: An almost plurisubharmoni funtion φ with dd
cφ = 0 is a
holomorphi funtion.
The φi have an almost plurisubharmoni upper envelope φ suh that θ+dd
cφ ∈ α[γ].
The urrent T = θ + ddcφ is obviously a lower bound for the (Ti)i∈I , with the
following property: If S  Ti for all I, then S  T . 
Remark. The onstrution above shows that this lower bound T = Tmin is unique
only up to L∞. On the other hand, given the smooth (1, 1)− form θ in α, the
onstrution leads to a well dened urrent Tmin = θ + dd
cφmin via the upper
envelope. Here, the almost plurisubharmoni funtion φmin satises φi ≤ φmin
where the φi are hosen as above.
This urrent will be used in the following.
The urrents with minimal singularities may be used to dene minimal multiplii-
ties of pseudo-eetive lasses, having a look at Bouksom's onstrution of higher
dimensional Zariski deompositions [Bou02b℄. In this paper, he interpreted the
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Lelong numbers of a urrent Tmin,ǫ with minimal singularities in α[−ǫω] as the
obstrutions to reah smooth urrents in α[−ǫω]. This led him to
Denition 3.15. The minimal multipliity of a pseudo-eetive lass
α ∈ H1,1(X,R) in x ∈ X is dened as
ν(α, x) := sup
ǫ>0
ν(Tmin,ǫ, x).




Denoting by Tmin a urrent with minimal singularities in α[0] one has always
ν(α, x) ≤ ν(Tmin, x), ν(α,D) ≤ ν(Tmin, D).
There are examples where ν(α,D) < ν(Tmin, D), see setion 4.1.
The following approximation of Tmin whih will be useful later on:
Theorem 3.16. Let X be a ompat Kähler manifold with Kähler lass ω, let
α ∈ H1,1(X,R) be a pseudo-eetive lass. Then there exists a sequene of
losed (1, 1)− urrents Tk with analyti singularities in α[−ǫkω] for some sequene
(ǫk)→ 0 of positive real numbers suh that
(i) the Tk onverge weakly against a losed positive (1, 1)− urrent T whih has
minimal singularities in α[0],
(ii) ν(Tk, x)→ ν(α, x) for every point x ∈ X,
(iii) for all i ∫
X−Sing(Tk)
(Tk + ǫkω)
p ∧ ωn−p → (αp.ωn−p)≥0.





(T + ǫω)p ∧ ωn−p
where T ∈ α[−ǫω] has analyti singularities, by Lemma 3.2. Consequently, for eah
p there is a sequene of losed (1, 1)− urrents (T
(p)
k )k∈N with analyti singularities
suh that T
(p)








p ∧ ωn−p → (αp.ωn−p)≥0.
Now let θ be a smooth (1, 1)−form onX representing α. Let Tmin,k = θ+ddcφmin,k
be the urrent with minimal singularities in α[−ǫkω] assoiated to θ, as de-
sribed in the remark above. Sine T
(p)
k = θ + dd
cφ
(p)
k ∈ α[−ǫkω] this implies
φ
(p)
k ≤ φmin,k ≤ 0. Furthermore the Tmin,k onverge weakly against a urrent Tmin
with minimal singularities in α[0].
By Demailly's Approximation Theorem 3.4 there exists a dereasing sequene
of almost plurisubharmoni funtions φk,l with analyti singularities onverging
pointwise and L1loc against φmin,k suh that Tk,l = θ + dd
cφk,l ∈ α[−ǫk,lω]
for some sequene (ǫk,l)l∈N
>
→ ǫk of positive real numbers. Furthermore
ν(Tk,l, x)
<
→ ν(Tmin,k, x) for every point x ∈ X .
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∗Tk,l = Rk,l + [Dk,l]
where R
(p)
k , Rk,l are smooth and D
(p)
k , Dk,l are eetive R−divisors. Sine the φk,l
form a dereasing sequene, φ
(p)
k ≤ φk,l and Tk,l is less singular than T
(p)
k . In
partiular Dk,l ≤ D
(p)
k , hene the lass {Rk,l − R
(i)
k } = {D
(i)














sine the integrals over the ompat manifold Y only depend on the ohomology


























































For l big enough (depending on k) this gives




p ∧ ωn−p ≤ sk+1.
Combining all these fats one gets a sequene of losed positive (1, 1)− urrents
Tk = Tk,l(k) with analyti singularities in α[−ǫk+1ω] suh that the Tk onverge
weakly against Tmin, and onditions (ii) and (iii) of the theorem are also satised.

Remark. As long as Tk,min → Tmin weakly for k →∞, in the onstrution above
it is not neessary that the Tk,min are omputed w.r.t. the same smooth (1, 1)−
form on α.
The approximation may be used e.g. to prove
Lemma 3.17. Let X be a ompat Kähler manifold and α ∈ H1,1(X,R) a pseudo-
eetive lass. Let ∆n ∼= U ⊂ X be an open subset, and let p : ∆n → ∆n−1 be the
projetion onto the last n− 1 oordinates. Then there is a pluripolar set E ⊂ ∆n−1





ν(T|∆, x) = ν(α, x) for all x ∈ ∆,
where the T 's run through all urrents in α[−ǫω] with analyti singularities, for
whih the restrition to ∆ is well-dened.
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Proof. The proof is an appliation of the theory of (L, h)- resp. T - general urves.
If T is an almost psoitive (1, 1)- urrent on X , a smooth urve C (ompat or not)
will be alled T - general i the restrition of T on C is well-dened and
(i) C intersets no odim-2-omponent in any of the Lelong number level sets
Ec(T ),
(ii) C intersets every prime divisor D ⊂ Ec(T ) in the regular lous Dreg
of this divisor, C does not interset the intersetion of two suh prime
divisors, and every intersetion point x has the minimal Lelong number
ν(T, x) = ν(T,D) := minz∈D ν(T, z),
(iii) for all x ∈ C, the Lelong numbers
ν(T|∆, x) = ν(T, x).
Then theorem 2.1. in [Ek02℄ states that in a family of urves over a smooth base
there is a pluripolar subset in the base suh that every urve over points outside this
pluripolar set is T - general. In partiular, this is true for urrents Tk approximating
Tmin as in the theorem above. Sine the union of ountably many pluripolar sets
is again pluripolar, this proves the lemma. 
3.5. Upper bound for the numerial dimension. The numerially trivial fo-
liation w.r.t. a pseudo-eetive lass may be also used to bound its numerial
dimension, provided that the singularities of the foliation are nie enough:
Theorem 3.18. Let X be a ompat Kähler manifold with Kähler form ω and
α ∈ H1,1(X,R) a pseudo-eetive lass. Let F be the numerially trivial foliation
w.r.t. α and suppose that the singularities of F are isolated points. Then the
numerial dimension ν(α) is less or equal to the odimension of the leaves of F .
Proof. Applying theorem 3.16 , one gets a sequene of losed (1, 1)- urrents with






p ∧ ωn−p = (αp.ωn−p)≥0
for all p = 1, . . . , n. In these integrals, the Tk's may be replaed by the residue
urrents
Rk = Tk −
∑
ν(Tk, D)[D]
of the Siu deomposition of the Tk.
Now the proof onsists of two steps: rst, let ∆n ∼= U ⊂ X be an open set suh
that p : U ∼= ∆n → ∆l desribes the numerial trivial foliation w.r.t. α loally in
U . Then use as in proposition 3.9 that the Rk's get lose to pulled bak urrents
from the base ∆l to show
Claim 1. For l < p ≤ n and an open subset U ′ ⊂⊂ U ,∫
U ′
(Rk + ǫkω)
p ∧ ωn−p → 0.




ijdzi ∧ dzj . Then every
oeient of (Rk + ǫkω)
p
w.r.t. the base dzI ∧ dzJ (with multi-index notation) is
a produt of p of these θkij . If p > l, then one of these θ
k
ij has index i ≤ n − l or
j ≤ n− l.
As in proposition 3.9 one an argue with the Shwarz inequality that








Furthermore, let Fi be a suiently general ber of the projetion ∆
n → ∆n−1
onto all but the ith oordinate, i = 1, . . . , n− l. Sine Rk is a urrent with analyti
singularities only in odimension 2, a suiently general Fi does not hit the singu-
larities of Rk. Then θ
k
ii|Fi∩U ′
is smooth and positive, and the numerial triviality
implies that ∫
Fi∩U ′






Hene using Fubini for the ith or jth oordinate and applying the Shwarz inequality
again, one gets that all the integrals of the terms of (Rk + ǫkω)
p ∧ ωn−p tend to 0
for k →∞. 
The seond step is to give an estimate of the onsidered integrals around the iso-
lated singularities of the foliation by using the uniform boundedness of the Lelong
numbers of (almost) positive urrents in the same ohomology lass.
Claim 2. There is a sequene of ompat sets Ki ⊂ X exhausting X − Sing F and
a onstant C > 0 suh that for all 1 ≤ p ≤ n∫
X−Ki
(Rk + ǫkω)
p ∧ ωn−p ≤ δi,
and limi→∞ δi = 0.
Proof. This is just an expanded version of Bouksom's argument in [Bou02a, Lem
3.1.11℄. Choose a nite overing of X by open harts Ui isomorphi to the unity
ball B ⊂ Cn, suh that the balls with half of the diameter still over X . If z(i)





in Vi, for all i.
If x ∈ X lies in Vi, the Lelong number ν((Rk+ǫω)
p, x) is by denition the dereasing
limit for r → 0 of
ν((Rk + ǫω)










On the one hand, for r ≤ r0 one has
ν((Rk + ǫω)
p, x, r) ≤ ν((Rk + ǫω)











p ∧ ωn−p ≤
∫
X(Tk + ǫω)
p ∧ ωn−p, and the last integral depends
only on the ohomology lass of Tk, sine ω is losed.
On the other hand,
(πr2)n−pν((T + ǫω)p, x, r) ≥ C1
∫
|z(i)−x|<r
(T + ǫω)p ∧ ωn−p.
For p < n the laim follows sine Sing F is ompat, hene onsists of only nitely
many points. For p < n there is nothing to argue, sine ν(α) = n implies that α is
big ([Bou02a, Thm. 3.1.31℄). Hene the numerially trivial foliation oinides with
the Iitaka bration w.r.t. α, beause it is the identity map. 
Both laims together show the theorem. 
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4. Surfae Examples
If one onstruts the numerial trivial foliation w.r.t. an inomplete system of
urrents with analyti singularities in α[−ǫkω], ǫk → 0, then the leaf dimension is
greater or equal than that of the numerial trivial foliation w.r.t. α. Unfortunately,
the author ould not prove any riterion when the leaf dimension remains the same
(hene the two foliations are equal). In general, it seems quite diult to deide
whether a given foliation is numerially trivial w.r.t. some pseudo-eetive lass α.
In the rst two surfae examples whih follow, some ad-ho arguments are used to
show the identity of the onstruted foliations and the numerially trivial foliation
w.r.t. the given pseudo-eetive lasses.
4.1. A nef line bundle without smooth positive urvature form. This ex-
ample was already disussed in [DPS94℄: Let Γ = C/(Z + Zτ), Imτ > 0, be an
ellipti urve and let E be the rank 2 vetor bundle over Γ dened by
E = C× C2/(Z+ Zτ)
where the ation is given by the two automorphisms
g1(x, z1, z2) = (x+ 1, z1, z2)
gτ (x, z1, z2) = (x + τ, z1 + z2, z2),
and where the projetion E → Γ is indued by the rst projetion (x, z1, z2) 7→ x.
Then C × C × {0}/(Z+ Zτ) is a trivial line subbundle O →֒ E, and the quotient
E/O ∼= Γ × {0} × C is also trivial. Let L be the line bundle L = OE(1) over the
ruled surfae X = P(E). The exat sequene
0→ O → E → O → 0
shows that L is nef over X .
Now, in [DPS94℄ all hermitian metris h (inluding singular metris) are determined
suh that the urvature urrent Θh(L) is semipositive (in the sense of urrents):
These metris have all the same urvature urrent
Θh(L) = [C],
where C is the urve on X indued by {z2 = 0}. (This implies in partiular that
there exists no smooth positive hermitian metri on L.) To exlude the possibility
that there exist positive urrents in c1(L) whih are not the urvature urrent of a
metri on L one proves the following
Lemma 4.1. Let X be a projetive omplex manifold and L a holomorphi line
bundle on X. Then for every losed positive urrent in c1(L) there is a possibly
singular hermitian metri h on L suh that the urvature urrent
Θh(L) = T.
Proof. Let T be any positive urrent in c1(L). By [Bon95℄ there exists a line bundle
L′ on X with a possibly singular hermitian metri h′ suh that Θh′(L
′) = T .
(This is just the usual onstrution of a yle in H1(X,O∗)). The line bundle
N = (L′)−1 ⊗ L is numerially trivial, hene nef. Consequently there exists a
positive singular hemitian metri hN on N suh that the lass of the urvature
urrent
{ΘhN (N)} = 0 ∈ H
1,1(X,R).
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Now, all losed positive urrents in 0 ∈ H1,1(X,R) have the form ddcφ for some
plurisubharmoni funtion on X . Sine φ is upper semi-ontinuous it attains its
supremum. But then the maximum priniple implies that φ is a onstant funtion.
Therefore the only losed positive urrent in 0 ∈ H1,1(X,R) is the zero form. This
implies ΘhN (N) = 0 (as a urrent).
Furthermore this gives the hermitian metri h = hN ⊗ h′ on L = N ⊗ L′ with
Θh(L) = T . 
So [C] really is a positive urrent with minimal singularities in c1(L). But then X
is numerially trivial w.r.t. [C], and the assoiated numerial trivial foliation has
only one leaf X with odimension 0.
On the other hand, L is ertainly not numerially trivial sine it intersets a ber
of X = P(E) with intersetion number 1. Consequently, the moving intersetion
number (c1(L) · c1(L))≥0 = c1(L) · c1(L) is stritly positive, and (X, c1(L)) is a
ounter example to equality of the numerially trivial foliation w.r.t. the positive
losed (1, 1)- urrent with minimal singularities and that w.r.t. the assoiated
pseudo-eetive ohomology lass.
Now there is an obvious andidate for a numerially trivial foliation w.r.t. c1(L):
its leaves are the projetion of the urves C× {p} in PC(E). The strategy to show
this has two parts: rst, one onstruts a sequene of urrents Tk ∈ c1(L)[−ǫkω]
for some Kähler form ω on X and a sequene ǫk of positive real numbers tending to
0 suh that the foliation mentioned above is the numerially trivial foliation w.r.t.
this sequene of Tk's. Seond, one uses that the restrition of the Tk's to any P
1
-
ber of PC(E) is ≥ c · ω, for some xed number c > 0.
The onstrution of the Tk requires a areful study of almost positive (singular)
hermitian metris h on L: As the total spae of L−1 is equal to E∗ blown up along
the zero setion, the funtion
φ(ζ) = log ‖ ζ ‖2h−1 , ζ ∈ L
−1
assoiated to any hermitian metri h on L an also be seen as a funtion on E∗
satisfying the log-homogeneity ondition




∂∂φ(ζ) = π∗L−1Θh(L), πL−1 : L
−1 → X.
Thus Θh(L) is almost positive i φ is almost plurisubharmoni on E
∗
.
The total spae of E∗ is the quotient E∗ = C× C2/(Z+ Zτ) by the dual ation
g∗1(x,w1, w2) = (x+ 1, w1, w2)
g∗τ (x,w1, w2) = (x+ τ, w1, w1 + w2).
The funtion φ gives rise to a funtion φ˜ on C×C2 whih is invariant by g∗1 , g
∗
τ and
log-homogeneous w.r.t. (w1, w2), and φ˜ is almost plurisubharmoni i φ is almost
psh. Even more is true: Interpret X as the zero setion of the total spae of L−1
and let ωX , ωL−1 be positive (1, 1)- forms on X,L
−1
. Then there are onstants
C1, C2 > 0 suh that
0 ≤ π∗L−1ωX ≤ C1ωL−1 , 0 ≤ ωL−1|X ≤ C2ωX .
Hene π∗L−1Θh ≥ −ǫωL−1 implies Θh ≥ −ǫC2ωX , and Θh ≥ −ǫωX implies
π∗L−1Θh ≥ −ǫC1ωL−1 . Consequently, instead of onstruting urrents Tk ≥ −ǫkωX ,
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ǫk → 0 on X , it sues to onstrut urrents Θk ≥ −ǫ′kωL−1 , ǫ
′
k → 0, and fun-
tions φ˜k on C × C2 suh that i∂∂φ˜k = Θk and the φ˜k are invariant by g∗1 , g
∗
τ and
log-homogeneous w.r.t. (w1, w2).
This is done by using a gluing proedure developed in [Dem92℄:
Lemma 4.2. Let U ′j ⊂⊂ U
′′
j ⊂⊂ Uj be loally nite open overings of a omplex
manifold X by relatively ompat open sets, and let θj be smooth nonnegative fun-
tions with support in U ′′j suh that θj ≤ 1 on U
′′
j and θj = 1 on U
′
j. Let Aj ≥ 0 be
suh that





Finally, let wj be almost psh funtions on Uj with the property that i∂∂wj ≥ γ for
some real (1, 1)− form γ on X, and let Cj be onstants suh that









Then the funtion w = log(
∑
θ2je
wj ) is almost psh and satises










Proof. See [Dem92, Lemma 3.5℄. The proof is reprodued here, beause the results























































The rst term is ≥ 0, the seond term is ≥ γ. If a point x lies in the support of the
third term, it is ontained in some U ′′j \ U
′
j . By assumption there is a k suh that
wj(x) ≤ Cj + wk(x) and x ∈ U
′
k, hene θk(x) = 1. This implies∑











On any open subset of Γ on whih the P1-bundle is trivial, one may dene a metri
on L as the pullbak w.r.t. a trivialization of the Fubini-Study metri on P1. These
metris indue the andidates for the wj : Set
Uj = {(x,w1, w2) : jImτ < Imx < (j + 1)Imτ},
U ′j = {(j +
1
6 )Imτ < Imx < (j +
3
4 )Imτ, |jw1 + w2| > |(j + 1)w1 + w2|},
U ′′j = {(j +
1
12 )Imτ < Imx < (j +
5










Vj = {(x,w1, w2) : jImτ < Imx < (j + 1)Imτ},
V ′j = {(j +
1
4 )Imτ < Imx < (j +
5
6 )Imτ, |jw1 + w2| < |(j + 1)w1 + w2|},
V ′′j = {(j +
1
6 )Imτ < Imx < (j +
11






2 + |(j + 1)w1 + w2|
2),
set
Wj = {(x,w1, w2) : (j −
1
2 )Imτ < Imx < (j +
1
2 )Imτ},
W ′j = {(j −
1
4 )Imτ < Imx < (j +
1
4 )Imτ},
W ′′j = {(j −
1








2 + |jw1 + w2|
2).
A straight forward omputation shows that these sets and funtions satisfy all the





invariant under multipliation of (w1, w2) by λ ∈ C suh that g∗1θj = θj and








j > 0 satisfying the on-
ditions of the glueing lemma for some positive (1, 1)- form ω˜ on C× C2. Applying











whih is invariant by g∗1 , g
∗
τ and log-homogeneous.







one gets almost plurisubharmoni funtions φ˜k with negative part arbitrary small
(ompared to a positive (1, 1)- form ω˜ as above).
Sine the u˜j , v˜j , w˜j do not depend on x, one has
∂xu˜j = ∂xv˜j = ∂xw˜j = 0.
Furthermore there is a onstant B > 0 suh that
2θj∂∂θj − 2∂θj ∧ ∂θj < Bω,
similarly for θ′j , θ
′′
j , and a onstant C > 0 suh that
4|θj∂θj′ − θj′∂θj |
2 < Cω




j . Consequently, in x- diretion the rst and





by the same trik as in the proof of the glueing lemma (the 3 omes from the




j for exatly one j), and
the seond term vanishes. Hene the foliation under onsideration is really the
numerially trivial foliation w.r.t. the urrents indued on X .
On the other hand, it follows from the onstrution that the restrition of the
indued urrents Tk to the P
1
- bers of X = P(E) remain > ǫω for some ǫ > 0.
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Let T ′k ∈ α[−ǫkω] be another sequene of urrents representing α. If ∆
2 ∼= U ⊂ X
is an open subset with oordinates z1, z2 suh that the lines {z1 = a} belong to P1-
bers and {z2 = b} are subsets of the leaves of the foliation one an write





ij idzi ∧ dzj , T
′





ij idzi ∧ dzj .
By the remark above,
(θ
(k)
22 )|{z1=a}idz2 ∧ dz2 > ǫω
for all a, and
θ˜(k) := θ
(k)
11 idz1 ∧ dz1 + θ
(k)
12 idz1 ∧ dz2 + θ
(k)
21 idz2 ∧ dz1
k→∞
−→ 0












(Tk + ǫkω) ∧ (T
′
k + ǫkω) = 0.
But
(Tk + ǫkω) ∧ (T
′
k + ǫkω) = θ˜
(k) ∧ (T ′k + ǫkω) + θ
(k)
22 idz2 ∧ dz2 ∧ θ
′(k)
11 idz1 ∧ dz1,





11 idz1 ∧ dz1 ∧ idz2 ∧ dz2
k→∞
−→ 0,







(T ′k + ǫkω)
k→∞
−→ 0 for almost all b ∈ ∆′ (where
∆′b = {b} × ∆
′







−→ 0 for all b ∈ ∆′. To prove this one an use the same line
of arguments as in the proof of the Loal Key Lemma for pseudo-eetive lasses:














(T ′k + ǫkω)| = 0.












22 |dV = 0,
where ∆0,b is the disk with enter in b/2 and radius |b/2|, and dV is a volume
element of ∂∆′ ×∆0,b.
As in the proof of proposition 3.9 there is a bound M > 0 suh that for all k there








22 |dV < M.
For the rst term, look at the (1, 1)- form η = idz2 ∧ dz2 and take a disk
















and one onludes that the limit above is indeed 0.
4.2. Mumford's example. Bak to our ounter example at the beginning: it is
easy to onstrut a losed positive (1, 1)−urrent on L = OP1(1) suh that the leaves
of the assoiated numerially trivial foliation are 1-dimensional. Take a measure
ω invariant w.r.t. the representation of π(C) in PGL(2). This gives a measure
on (∆ × P1)/π(C) transversal to the foliation indued by the images of ∆ × {p}.
Averaging out the integration urrents of the leaves with this transverse measure
gives an (even smooth) losed positive (1, 1)− urrent in the rst Chern lass of
L = OP(E)(1) whih vanishes on the leaves but not in any transverse diretion.
Most of this example is explained in the introdution; the only assertions not already
disussed are the existene of a measure ω in c1(OP1(1)) invariant w.r.t. the unitary
representation of π(C) in GL(2) and the smoothness of the metri whih results
from averaging out the integration urrents of the leaves. But this is easy, too:
Take the Haar measure ω on the Lie group U(2) whih is absolutely ontinuous
([Die70, Ch.14℄). Sine U(2) operates transitively on P1 this measure indues a
U(2)− invariant measure on the homogeneous quotient spae P1. Sine U(2) is
ompat it is possible to normalize ω suh that P1 has measure 1. Hene averaging
over the integration urrents of the leaves w.r.t. ω gives a smooth positive (1, 1)−
form whih is still in the rst Chern lass of L = OP(E)(1). Sine it is smooth it is a
urrent with minimal singularities on L, and obviously, this urrent is numerially
trivial on the leaves.
On the other hand it is stritly positive on the P1- bers, hene the foliation is
numerially trivial w.r.t. the ohomology lass by the same argument as in the rst
example.
Remark. The dierene to the previous example is that the unitary group is
ompat and onsequently its Haar measure is nite. This is not the ase for the
group of linear automorphisms generated by (z1, z2) 7→ (z1 + z2, z2).
4.3. P2 blown up in 9 points. Consider the following situation: Let C ⊂ P2 be a
smooth ellipti urve and let p1, . . . , p8 ∈ C be suiently general points. The aim
is to study the numerially trivial foliation w.r.t. the antianonial bundle −KX
on varieties Xp = P
2(p1, . . . , p8, p) blown up in points p ∈ C.
Let Ei = π
−1(pi) be the exeptional divisor on X over pi. First of all,
−KX = OP2(3) +
∑
Ei is nef and −K2X = 0. Next, the penil of ellipti urves on
P2 through p1, . . . , p8 has a base point q. So Xq = P
2(p1, . . . , p8, q) is an ellipti
bration πq : Xq → P1. The pull bak of a smooth positive metri on OP1(1)
gives a smooth semipositive hermitian metri on −KXq whih is stritly positive
in diretions transverse to the bers. Hene by the same arguments as in the two
examples above, the bration is the numerially trivial foliation w.r.t. −KXq .
For points p 6= q in C there is only one setion in −KXp , the strit transform C
′
of C. But if one onsiders torsion points (w.r.t. to q) of order m on C then a
alulation in [DPS96℄ shows that −mKXp denes again an ellipti bration over
P1. This bration yields a smooth semipositive hermitian metri on −mKXp , hene
on −KXp , and again the bration is the numerially trivial foliation w.r.t. −mKXp .
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The question is: What happens if non-torsion points p ∈ C are blown up ? In par-
tiular: Is there always a smooth semipositive hermitian metri on −KXp induing
a holomorphi foliation on Xp, whih may be seen as the limit of the brations of
Xpk where the pk are torsion points ? (The last question was asked in [DPS96℄.)
A strategy to answer it is to use the theory of holomorphi foliations on surfaes,
as developed e.g. in [Bru00℄.
Denition 4.3. A (holomorphi) foliation F on a ompat omplex surfae X is a
oherent analyti rank 1 subsheaf TF of the tangent bundle TX (the tangent bundle
of the foliation) tting into an exat sequene
0→ TF → TX → JZ ⊗NF → 0
for a suitable invertible sheaf NF (the normal bundle of the foliation) and an ideal
sheaf JZ whose zero lous onsists of isolated points alled the singularities Sing(F)
of F .
Furthermore, one an easily show that T ∗F ⊗N
∗
F = KX .
Numerially trivial foliations {F , (Ui, pi)} on surfaes X with F of rank 1 are suh
foliations: If F is not a line bundle then replae it by F∗∗. As a reexive sheaf on
a surfae this is a line bundle [OSS80, 1.1.10℄, and dualizing the inlusion F ⊂ TX
twie shows that it is still a subsheaf of TX . Furthermore, F is loally integrable
beause it has rank 1, hene the maps pi exist trivially.
Let X be P2(p1, . . . , p8)× C blown up in the diagonal
∆C×C ⊂ C × C ⊂ P
2(p1, . . . , p8)× C.
The bers of X over p ∈ C are just the Xp for all p. If there is an algebrai family
of foliations on the Xp suh that over torsion points, the foliation oinides with the
bration desribed above, then (at least generially) the onormal line bundles N∗Fp
should also t into a family. But this is impossible, as the following omputation
shows:
Lemma 4.4. Let C, q,Xp be as above, and let p be a torsion point w.r.t. q of
order m. Let NFp be the normal bundle of the foliation indued by the bration
πp : Xp → P1. Then
N∗Fp
∼= (m+ 1)KXp .
Proof. Let D be an irreduible omponent of a ber of π = πp with multipliity lD.
If η is a loal non-vanishing 1- form on P1 then π∗(η) is a loal setion of π∗(KP1)












(lF − 1)F ),
where the sum is taken over all bers F ouring with multipliity lF in the bration.
There are two dierenes between the two formulas: First, in the relative anonial




Now, degL ≥ 0, and degL = 0 would imply that L is a torsion bundle on P1,
hene it is trivial, and Xp = C × P1  a ontradition. If L is nontrivial, a short
alulation with spetral sequenes shows that
0 = pg = degL− g(P
1) + 1,
hene degL = 1, and L = OP1(1) (see again [Fri98, Ch.VII℄). This shows
π∗(KP1 ⊗ L) = π
∗OP1(−1) = mKXp ,
and together with the relative anonial bundle formula this shows that mC is the
only multiple ber.
The seond dierene is that some bers may ontain multiple omponents, but are
not multiple themselves. By the lassiation of singular bers of ellipti brations
this is only possible if there are −2-urves ([Fri98℄). But on P2 blown up in 9 points
in general position, there are no −2- urves. Hene
OXp(
∑
(lD − 1)D) = OXp(
∑
(lF − 1)F ),
and the laim of the lemma follows. 
The threefold X is also a ounter example to equality of numerial dimension and
odimension of the leaves of the numerially trivial foliation w.r.t. some pseudo-
eetive lass: Set
L := −π∗(p∗1KP2(p1,...,p8))− E∆ + p
∗
2O(nr),
where p1 is the projetion of P
2(p1, . . . , p8) × C onto P2(p1, . . . , p8), p2 is the pro-
jetion of X onto C, r is any point on C and n > 0 an integer. The restrition of
L to any ber over p ∈ C is the antianonial bundle K∗Xp .
For n suiently big, L is nef: L is eetive, sine D = C × C + nXr is ontained
in |L|. Consequently, to prove the nefness of L it sues to show that all urves
E ⊂ C×C have non-negative intersetion number with L. To this purpose rst get
an overview over all urves on C × C: Aording to the general theory of abelian
surfaes the Piard number of C×C is 4 or 3 depending on whether C has omplex
multipliation or not ([BL99, 2.7℄. Hene it sues to look at the bers of the two
projetions of C × C onto C, the diagonal, and if neessary, on some other urve
onstruted as the graph of omplex multipliation in C ×C. Sine it is a graph of
an isomorphism, suh a urve maps isomorphially to C under both projetions.
Now, one has to ompute the degree of the restrition of L to E. This restrition
may also be seen as the restrition of the divisor D|D to suh an E. Let C
′
be a
suiently general urve in the penil | −KP2(p1,...,p8)|. Then the strit transform
of C′ × C is an element of −π∗(p∗1KP2(p1,...,p8)) and intersets C × C in {q} × C.
Furthermore, E∆ intersets C × C in the diagonal ∆C×C . Therefore,
D|D ∼ {q} × C + n(C
′ × {r})−∆C×C + n(C × {r}),
where Er is the exeptional divisor over r in Xr. And L is nef if n is ≥ the maximum
of 1 (this is the intersetion number of bers C × {p} with the diagonal) and the
intersetion number of the urve oming from omplex multipliation (if existing)
with the diagonal. (The self intersetion number of the diagonal is 0 sine the
tangent bundles on C ∼= ∆C×C and C × C are trivial.)
Proposition 4.5. Let X , L be as above. Then the numerial dimension ν(L) of L
is 2, but the numerially trivial foliation w.r.t. c1(L) is the identy map.
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Proof. To prove L2 6= 0, observe that L2 is represented by the yles in the expres-
sion above for D|D. This is not ≡ 0, sine the intersetion number with {q} ×C is
positive for n ≥ 1.
The numerially trivial foliation w.r.t. c1(L) annot be the trivial map onto a point,
beause in bersXp over torsion points p there are urves whih are not numerially
trivial. Sine immersed disks whih do not lie in a ber of the projetion onto C
are not numerially trivial, the only possible numerially trivial foliation w.r.t.
c1(L) with 2- dimensional leaves is the bration onto C. But this is impossible by
the same reason as above. To exlude the possibility that the numerially trivial
foliation has 1- dimensional leaves, one notes rst that over torsion points p, the




Tk only depends on the ohomology lass of the Tk, and∫
F c1(L) is ertainly 0.
This an be used to show that the 1- dimensional leaves of a numerially trivial
foliation must lie in the bers Xp of X : Otherwise, let ∆3 ∼= U ⊂ X be any open
subset with oordinates x, z1, z2 suh that the projetion onto C is given by the
projetion onto the rst oordinate, and the foliation is desribed by the projetion
onto the two last oordinates. Choose x suh that x = 0 orresponds to a torsion
point p0. Shrinking U if neessary, one an suppose that the bers of πp0 are smooth
in U . But then the Loal Key Lemma for pseudo-eetive lasses implies that there
are 2- dimensional numerially trivial leaves, ontradition.
Next one shows that the 1- dimensional leaves in bers Xp, where p is a torsion
point, must be the bers of πp : Xp → P1: Take an ample line bundle A on X .
Sine L is nef, Lk ⊗A is also ample, and some multiple is very ample. The global
setions of this very ample line bundle generate a smooth metri on Lk ⊗A whose
stritly positive urvature form may be written as k(Tk +
1




Let p ∈ C be any torsion point of order m and πp : Xp → P1 the indued bration.





















Hene the leaves of the numerially trivial foliation w.r.t. c1(L) oinide with the
bers of πp in Xp.
But this is impossible, as shown above. 
Remark. This proposition does not exlude the possibility that (some of) the Xp
over non-torsion points p have a numerially trivial foliation with 1-dimensional
leaves.
Another result dealing with this type of foliations is
Proposition 4.6 (Brunella). Let F be a foliation on a ompat algebrai surfae X
and suppose that F is tangent to a smooth ellipti urve E, free of singularities of F .
Then either E is a (multiple) ber of an ellipti bration or, up to ramied overings
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and birational maps, F is the suspension of a representation ρ : π1(Ê)→ Aut(CP
1),
Ê an ellipti urve.
Appendix A. Singular foliations
One an dene foliations on omplex manifolds as involutive subbundles of the
tangent bundle. Then the lassial theorem of Frobenius asserts that through any
point there is a unique integral omplex submanifold [Miy86℄. Singular foliations
may be dened as involutive oherent subsheaves of the tangent bundle, whih are
furthermore saturated, that is, their quotient with the tangent bundle is torsion
free. In the points where the rank is maximal, one may use again the Frobenius
theorem to get leaves. Sine in this paper the reasoning is always expliitely using
the leaves their existene is diretly inorporated in the denition of a singular
foliation:
Denition A.1. Let X be an n− dimensional ompat omplex manifold. Let
F ⊂ TX be a saturated subsheaf of the tangent bundle with maximal rank k and
Z ⊂ X be the analyti subset where F/mX,xF → TX,x is not injetive.
F indues a singular foliation desribed by the following data: X − Z is overed
by open sets Ui ∼= ∆n suh that for the smooth holomorphi map pi : Ui → ∆n−k
oming from the projetion ∆n → ∆n−k,
F|Ui = TUi/∆n−k .
Suh a foliation will be denoted by {F , (Ui, pi)}.
Next, one denes the inlusion relation for numerially trivial foliations as above
Denition A.2. A numerially trivial foliation is ontained in another one,
{F , (Ui, pi)} ⊏ {G, (Vj , qj)} ,
i there is a Zariski open set U ∈ X suh that F|U ⊂ G|U .
In partiular this means that the leaves of {F , (Ui, pi)} are ontained in those of
{G, (Vj , qj)}.
The next aim is to onstrut a ommon renement {H, (Wk, rk : Wk → ∆n−m)} of
two singular foliations
{









{F , (Ui, pi)} ⊏ {H, (Wk, rk)} , {G, (Vj , qj)} ⊏ {H, (Wk, rk)} .
To this purpose one has rst to analyze the loal piture when two foliations meet
transversally everywhere: Let W be a omplex manifold with two isomorphisms
q1 : W → ∆n, q2 : W → ∆n. Let p1 : W → ∆n−k, p2 : W → ∆n−l be the
omposition of q1, q2 with the projetions of ∆
n









Suppose that the p1− and p2− bers interset transversally everywhere.
If n ≤ k + l, by hoosing appropriate oordinates p1 will be the projetion on the
rst n − k oordinates while p2 is the projetion on the last n − l oordinates. In
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partiular, the smallest bration p whose bers ontain all bers of p1 and p2 is the
trivial bration onto a point.
So suppose from now on that n > k + l. Again by hoosing appropriate oordi-
nates via the impliit funtion theorem and possibly further restriting W one an
desribe the onguration of the two sets of bers in the following way (look at the
next gure): The horizontal setions of p1 onsist of p2− bers whih are parallel
hyperplanes, and over eah point y ∈ ∆n−k the p2− bers through the points in
q−1(y) projet into a penil of hyperplanes through a ommon entral hyperplane
∆k
′
⊂ ∆n−k ontaining y.
This entral hyperplane is isomorphi to ∆k
′
for all y ∈ ∆n−k, and dierent entral
hyperplanes are parallel in ∆k. Let r : ∆n−k → ∆n−k−k
′
be the projetion with










































































So outside the singularities of F and G and the lous where the leaves of the foliation
do not interset transversally or even oinide, it is lear how to dene the ommon
renement.
To get a better feeling for the lous of the other points, look at the following two-



























At least, the exeptional points form an analyti subset of X : A point x ∈ Ui ∩ Vj
is ontained in this set i the dierential of pi × qj : Ui ∩ Vj → ∆n−k × ∆n−l in
x has not full rank, that is i all maximal minors of this dierential vanish in x.
But it still remains the task to dene a saturated subsheaf H ⊂ TX whih loally
oinides with the relative tangential sheaf of the projetions rk : Wk → ∆n−m.
To do this one goes bak to the purely algebrai denition of (singular) foliations:
The subsheaf F ⊂ TX indues suh a foliation i it is involutive, that is, losed
under the Lie braket, whih means [F ,F ] ⊂ F . Then there is a natural andidate
for a subsheaf dening the union of the foliations given by F and G: the smallest
involutive subsheaf H ⊂ TX ontaining both F and G. It exists beause it may
be onstruted as the subsheaf generated by F , G [F ,G], [[F ,G],F ], [[F ,G],G],
[[F ,G], [F ,G]] and so on.
Lemma A.3. Let
{




G, (Vj , qj : Vj → ∆n−l)
}
be two sin-
gular foliations on an n- dimensional omplex manifold X. Let x be a point not in
the analyti subset Z ⊂ X onsisting of the singular lous of F , G and the points
where the leaves of F and G do not interset transversally. Then on the ommon
renement rk : Wk → ∆n−m around x onstruted as above, the smallest involutive
subsheaf H ontaining both F and G oinides with the relative tangential sheaf of
rk.
Proof. Sine the two foliations interset transversally around x, it is obvious that
the smallest saturated involutive subsheaf in TX|Wk ontaining both F|Wk and G|Wk
is the relative tangent sheaf of the projetion rk. Glueing together one gets a
saturated involutive subsheaf HX−Z ⊂ TX−Z on the open set X − Z.
Let U ∼= ∆n be a neighborhood of some point z ∈ Z, and let H = {f = 0},
f ∈ O(U), be an analyti hyperplane in U ontaining the analyti subset Z ∩ U .
Now, O(U − H) = O(U)f , and one an dene the setions of H on U as the
intersetion
H(U) = TX(U) ∩HX−Z(U −H)
in TX(U − H) ∼= O(U)n. Sine TX(U) and HX−Z(U − H) are involutive,
H(U) ⊂ TX(U) is losed under the Lie braket, too. Furthermore, H(U) is the
smallest saturated submodule of TX(U) suh that H(U)f = HX−Z(U − H), as
the following algebrai lemma shows.
Finally, sine the same is true for F(U) and G(U), they are both ontained in
H(U). 
Lemma A.4. Let R be a ommutaive integral ring, f ∈ R, and Mf ⊂ Rkf a
submodule suh that Rkf/M
f
is torsion free. Then M = Mf ∩ Rk is the smallest
submodule of Rk suh that Mf = M
f
and Rk/M is torsion free.
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Proof. If N ⊂ Mf ⊂ R suh that there exists m ∈ M − N , but still Nf = Mf ,
then m ∈ Nf . Hene there is an n ∈ N and l ∈ N suh that m =
n
f l or m · f
l = n.
But then f is a torsion element of Rk/N . 
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